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Modeling Weakly-Ionized Plasmas in Magnetic Field:

a New Computationally-Efficient Approach

Bernard Parent�, Sergey O. Macheret�, and Mikhail N. Shneider�

Despite its success at simulating accurately both non-neutral and quasi-neutral weakly-

ionized plasmas, the drift-diffusion model has been observed to be a particularly stiff set of

equations. Recently, it was demonstrated that the stiffness of the system could be relieved

by rewriting the equations such that the potential is obtained from Ohm’s law rather than

Gauss’s law while adding some source terms to the ion transport equation to ensure that

Gauss’s law is satisfied in non-neutral regions. Although the latter was applicable to mul-

ticomponent and multidimensional plasmas, it could not be used for plasmas in which the

magnetic field was significant. This paper hence proposes a new computationally-efficient

set of electron and ion transport equations that can be used not only for a plasma with mul-

tiple types of positive and negative ions, but also for a plasma in magnetic field. Because

the proposed set of equations is obtained from the same physical model as the conventional

drift-diffusion equations without introducing new assumptions or simplifications, it results

in the same exact solution when the grid is refined sufficiently while being more computa-

tionally efficient: not only is the proposed approach considerably less stiff and hence re-

quires fewer iterations to reach convergence but it yields a converged solution that exhibits

a significantly higher resolution. The combined faster convergence and higher resolution

is shown to result in a hundredfold increase in computational efficiency for some typical

steady and unsteady plasma problems including non-neutral cathode and anode sheaths as

well as quasi-neutral regions.

1. Introduction

G ENERALLY referred to as magneto-plasmadynamics or magnetohydrodynamics (MHD), the process of applying a force

on a fluid in motion using a magnetic field is the main mechanism behind several new aerospace technologies such as

shockwave control in supersonic flows [1, 2], power generation during re-entry using a MHD generator [3, 4, 5], heat shield

in hypersonic flows [6, 7], thrust generation using a Faraday accelerator [8, 9], or efficiency improvement of pulse detonation

engines through MHD energy bypass [10]. In such devices, the working fluid on which the magnetic field acts is air ionized

either through high electric fields, through electron or microwave beams, or through potassium or cesium seeding. Independently

of the ionization process, the ionization fraction of the air remains low (typically less than 0.1% or so) due to the energy needed

to ionize the air being high relative to the flow enthalpy. For this reason, air plasmas in aerospace applications can be considered

weakly-ionized.

When assuming quasi-neutrality throughout, the numerical simulation of weakly-ionized plasmas in magnetic field can be

accomplished efficiently by obtaining the potential from the generalized Ohm’s law (see Refs. [4, 9] for instance). However,

because the quasi-neutral assumption limits its use to plasmas in which the positive and negative charges closely approach each

other, such a strategy can not be applied in the vicinity of dielectric surfaces or within the cathode and anode sheaths where

the positive charge density differs substantially from the negative charge density. Because the accurate modelling of the non-

neutral regions near the surfaces is often critical due to the large voltage (and hence power) drop within cathode sheaths, the

numerical simulation of many weakly-ionized plasmas can not be accomplished through the generalized Ohm’s law without

inducing excessive error in the solution. Rather, it is deemed necessary for many problems to obtain the potential from Gauss’s
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law and to solve additional transport equations to account for the motion of the ions and the electrons with respect to the neutrals.

Commonly referred to as the “drift-diffusion model”, such a strategy was first demonstrated viable in solving weakly-ionized

gases under the influence of an externally-applied magnetic field in Ref. [11], and was used subsequently to obtain multiple

solutions of gas discharges in which the electrons were magnetized (see for instance Refs. [12, 13, 14]).

Despite its success at predicting accurately both non-neutral and quasi-neutral plasmas in the presence of magnetic field, the

drift-diffusion model has been observed to be an exceptionally stiff set of equations. That is, the system of equations is such that

it forces a numerical method to use an integration steplength which is excessively small in relation to the smoothness of the exact

solution, hence resulting in a disproportionate number of iterations to reach convergence. The stiffness is further exacerbated

should the plasma contain quasi-neutral regions of substantial size, in which case the number of iterations needed to obtain a

solution is in the order of millions. In Ref. [15], it was argued that the stiffness of the drift-diffusion model originates from

the potential equation based on Gauss’s law being particularly sensitive to small errors in the charged species densities when

the plasma becomes quasi-neutral. It was then demonstrated that the stiffness of the system could be relieved by rewriting the

equations such that the potential is obtained from Ohm’s law rather than Gauss’s law while adding some source terms to the ion

transport equation to ensure that Gauss’s law is satisfied in non-neutral regions (see Ref. [15] and also Ref. [16]).

The recast of the drift-diffusion set of equations first proposed in Ref. [15] was extended to multicomponent and multidi-

mensional plasmas in Ref. [17], where several test cases involving quasi-neutral plasmas between dielectrics and non-neutral

discharges between electrodes showed a remarkable improvement in computational efficiency compared to the conventional

approach: Not only did the recast set of equations permit the use of considerably higher integration steplengths resulting in a

thirtyfold or more reduction in the number of iterations to reach convergence, but it also resulted in a higher resolution of the

converged solution whenever the plasma included quasi-neutral regions of substantial size. The combined gains in resolution

and convergence rates resulted in the recast system of equations being typically 100 times more computationally efficient than

the conventional drift-diffusion equations while not sacrificing on the generality of the physical model.

Despite being generally applicable to weakly-ionized plasmas in multiple dimensions including plasmas with various types

of ions (including negative ions), the recast set of transport equations presented in Ref. [17] is not applicable to a plasma in which

either the ions or the electrons are magnetized and can hence not be used to solve problems in which the external magnetic field

is significant. The goal of this paper is hence to craft a new computationally-efficient set of electron and ion transport equations

that can be used not only for a multicomponent and multidimensional plasma, but also for a plasma in magnetic field. As

will be shown subsequently, this will require the potential equation to be based on the generalized Ohm’s law rather than the

standard form of Ohm’s law and to require a change in the definition of the ambipolar electric field when recasting the transport

equations for the negatively-charged species. As in prior work, it is ensured that the recast set of equations is obtained from

the same physical model as the conventional drift-diffusion equations and, as such, yields the same exact solution either within

quasi-neutral regions or within non-neutral regions including cathode, anode, and dielectric sheaths.

2. Physical Model

Let us now outline the physical model from which the recast computationally-efficient set of transport equations will be subse-

quently derived. Commonly referred to as the “fluid model” or “drift-diffusion model”, the physical model under consideration

treats the neutrals and each charged species as independent fluids with their own velocities interacting with the other fluids

through collision forces. In the presence of a magnetic field, the drift-diffusion model yields the following mass conservation

equation for each charged species (either electrons, positive ions, or negative ions):

@Nk

@t
C

3
X

iD1

@

@xi

NkV
k

i D Wk (1)

where k is an index associated with the species to be solved and where the species velocity V
k is obtained from:

V
k D V

n C sk�k

�

E C V
k � B

�

�
�k

jCkjNk

rPk (2)

The latter expression for the species velocity can be obtained from the momentum equation by assuming that the terms related

to inertia change and to collision forces between charged species are negligible compared to the terms related to the collision

forces between the charged species and the neutrals.

In the mass and momentum equations above, Nk is the number density of species k, V
k

i is the i th component of the kth

species velocity including drift and diffusion, V
n is the neutrals velocity vector including drift and diffusion, Wk is the source
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term containing all chemical reactions, and Pk is the partial pressure. As well, sk is the species sign (equal to C1 for the positive

ions and to �1 for the electrons and the negative ions), Ck is the species charge (equal to �e for the electrons, to Ce for the

singly-charged positive ions, to �2e for the doubly-charged negative ions, etc, with e the elementary charge), E is the electric

field vector, B the magnetic field vector, and �k the species mobility.

It can be convenient to rewrite the charged species velocity vector in tensor form as follows:

V
k

i D V
n

i C

3
X

j D1

sk z�k
ij E

n
j �

3
X

j D1

z�k
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jCkjNk

@Pk

@xj

(3)

with E
n being the effective electric field in the neutrals reference frame:

E
n � E C V

n � B (4)

and with the mobility tensor equal to:

z�k D
�k

1 C �2
k
jBj2

2

6

4

1 C �2
k
B

2
1 �2

k
B1B2 C sk�kB3 �2

k
B1B3 � sk�kB2

�2
k
B1B2 � sk�kB3 1 C �2

k
B

2
2 �2

k
B2B3 C sk�kB1

�2
k
B1B3 C sk�kB2 �2

k
B2B3 � sk�kB1 1 C �2

k
B

2
3

3

7

5
(5)

In the latter, the magnetic field B corresponds to the externally applied magnetic field, as the induced magnetic field can be shown

to have negligible impact on many weakly-ionized plasmas (the so-called low magnetic Reynolds number approximation). When

the induced magnetic field plays a negligible role, and when the applied (external) magnetic field does not vary in time, it can

be demonstrated that the Maxwell equations reduce to the solution of Gauss’s law:

3
X

j D1

@Ej

@xj

D
1

�0

ns
X

kD1

CkNk (6)

in which the electric field vector can be expressed in terms of a potential function as follows:

Ej D �
@�

@xj

(7)

The electric field potential � exists as long as the curl of the electric field is zero, which is the case when the magnetic field does

not vary in time. Although not required to solve the system of equations outlined above, one physical parameter that is often

used when analyzing plasma flowfields is the current density J , which is defined as:

Ji �

ns
X

kD1

CkNkV
k

i (8)

After substituting in the latter the velocity tensor from Eq. (3), the following expression for the current can be obtained:

Ji D

3
X

j D1

z�ij E
n
j �

3
X

j D1
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X
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sk z�k
ij
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@xj

C �eV
n
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in which the tensor conductivity and the net charge density are defined as:

z� �

ns
X

kD1

jCkjNk z�k
(10)

�e �

ns
X

kD1

CkNk (11)

Finally, a constitutive relation that is needed to close the system of equations is the ideal gas law which yields the partial pressure

given the number density and the temperature:

Pk D NkkBTk (12)
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where Tk is the species temperature.

Commonly used to simulate weakly-ionized plasmas in the presence of magnetic field, the physical model outlined above

can predict accurately not only quasi-neutral phenomena such as ambipolar diffusion and ambipolar drift but also non-neutral

phenomena within cathode and anode sheaths. It can also be used to simulate multicomponent plasmas in which there are

several types of ions (either negative or positive) as well as unsteady plasmas in which the displacement current is significant.

Nonetheless, it is pointed out that the physical model used herein is subject to several assumptions, with the most critical being

the following: (i) the forces due to collisions between charged species are small compared to forces due to collisions between

the charged species and the neutrals; (ii) the induced magnetic field is negligible; (iii) within the momentum equation, the terms

related to the inertia change are negligible compared to the terms related to collision forces. As was demonstrated in Ref. [18],

such assumptions are well justified as long as the plasma remains weakly-ionized (i.e. the ionization fraction should remain

lower than 10�3 or so), which is the case for a wide variety of plasmas used in industrial applications.

3. Conventional Governing Equations

When using digital computers, the conventional approach to simulate the drift-diffusion physical model outlined in the previous

section consists of solving a transport equation for each charged species along with the potential equation obtained from Gauss’s

law (see for instance Refs. [11, 12, 13, 19, 20]). The charged species transport equation can be derived from the mass conservation

equations as outlined in Eq. (1) with the species velocity from the momentum equation applicable to a weakly-ionized plasma

as shown in Eq. (3). This yields the following:
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When the magnetic field is strong (resulting in an electron Hall parameter �ejBj approaching or exceeding 1), and when the

transport equations are solved through an implicit integration strategy, it is beneficial to the stability of the method to extract

from the pressure gradient terms the diffusion terms that are diagonally dominant. This can be achieved by first subtracting and

adding a pressure gradient term on the LHS as follows:
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Then, expand the partial pressure using the ideal gas law Pk D NkkBTk and reformat:
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with ıij the Kronecker delta which is equal to 1 should i D j and to 0 otherwise. We can write the latter in matrix form as

follows:
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where R is the residual vector and the other matrices correspond to:
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(21)

where the notation ŒM �k;k denotes the diagonal element on the kth row of the matrix M while the notation ŒF �k refers to the

element on the kth row of the vector F . The latter yields a diagonally-dominant diffusion matrix K even at high electron Hall

parameter, which is a necessary condition for stable integration using an implicit method. As well, extracting the non-diagonal

diffusion terms from matrix K and inserting them in the convection matrix A permits standard central stencils to be used when

discretizing the diffusion terms. However, should they include cross-derivatives, the diffusion terms would require non-standard

upwinded stencils or they would lead to spurious oscillations at a high Hall parameter (see Ref. [18] for more details on this

point).

The electric field is obtained from the potential as in Eq. (7) which itself is found by integrating the potential equation

concurrently to the mass conservation equations. To ensure that Gauss’s law is satisfied within the non-neutral regions, it is

necessary to obtain the potential equation from Gauss’s law by substituting Eq. (7) into Eq. (6):
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The latter constitute what is here denoted as the “conventional governing equations”, which are commonly used to solve weakly-

ionized plasmas (either quasi-neutral or non-neutral) in the presence of a magnetic field using discrete methods.

4. Recast of the Positively-Charged Species Transport Equations

The “conventional governing equations” outlined in the previous section are well known to be exceptionally stiff. Such stiffness

has been observed to be independent of the type of integration strategy used, either explicit or fully-implicit. As first outlined

in Ref. [15], the stiffness originates from the potential equation based on Gauss’s law being particularly sensitive to small errors

in the electron or ion densities whenever the plasma becomes quasi-neutral. One approach that has been shown successful in

relieving the stiffness is by rewriting the governing equations such that the electric field is obtained from a potential based on

Ohm’s law rather than Gauss’s law (see Refs. [15] and [17]). As well, to ensure that Gauss’s law is satisfied some source terms

need to be added to the positive ion transport equations.

We here generalize the approach proposed in Ref. [17] to a plasma in magnetic field. To do so, it is convenient to first define

�V
k as the difference between the velocity of species k and the velocity of species k should the magnetic field be zero:
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Isolate V
k in the latter and substitute in Eq. (1), and simplify noting that sk D 1 and Ck is positive for the positive ions:
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The source terms that must be added to ensure that Gauss’s law is satisfied can be obtained by multiplying Gauss’s law Eq. (6)

by �kNk and rearranging:
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Then, we add the latter to the former to obtain:
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And we note that the following statement holds:
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Substitute the latter in the former, rewrite the partial pressure term using the ideal gas law outlined in Eq. (12), expand the

pressure derivatives, and rearrange:
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The latter is the modified transport equation for the positively-charged species, and must be used for all positive ions. It is

obtained without introducing assumptions or simplifications from the physical model outlined in Section 2.

5. Recast of the Negatively-Charged Species Transport Equations

It can be shown that a system of equations composed of the recast transport equation outlined in Eq. (28) for the positive ions,

combined with the standard transport equation for the negative species (Eq. (1)), and combined with a potential equation based

on the generalized Ohm’s law [18] has the same exact solution as the conventional governing equations outlined in Section 3

while not exhibiting high stiffness. However, such a set of equations would yield a rather low resolution and require significantly

more nodes to reach the same accuracy within quasi-neutral regions of the plasma. As was demonstrated in Ref. [15], such can

be overcome by rewriting the transport equation for the negative species in ambipolar form following the approach outlined in

Ref. [21]. Rewriting the transport equations in ambipolar form increases the resolution because it reduces the dependence of

the potential equation on the charged species transport equations in quasi-neutral regions.

The ambipolar form of the negatively-charged species transport equations can be obtained by first isolating V
k

i in Eq. (23)

and substituting in Eq. (1) noting that sk D �1 when the species is negatively-charged:
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Then, without loss of generality, we can add and subtract the ambipolar electric field E
0 to the electric field:
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As outlined in Ref. [17], significant gains in resolution can be reached when E
0 is defined as the component of the electric field

that cancels out all components of the current except due to drift. However, defining the ambipolar electric field in this manner

leads to some difficulties when the plasma is in the presence of a magnetic field. Not only does this result in a particularly

complicated transport equation in which several terms are expensive to compute, but this also entails convergence hangs when

the magnetic field reaches high values. We here find it necessary to define the ambipolar electric field in a slightly different

manner as the component of the electric field that cancels out all components of the unmagnetized current except due to drift

and due to the motion of the neutrals, with the unmagnetized current being the current that would be obtained locally should the

magnetic field be zero. The ambipolar electric field thus takes on the form:
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where the term within the bracket on the RHS can be easily shown to be the unmagnetized current density (the current density

in the absence of a magnetic field):
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and where the conductivity � is defined as:
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After substituting Eq. (32) in Eq. (31) it can be shown that:
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Then, after substituting E � E
0 from Eq. (31) and E

0 from Eq. (34) into Eq. (30) and rearranging, we obtain:
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where ırk is the Kronecker delta. After splitting the derivative involving the current J into two terms and noting that the

divergence of the current can be written as:
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the following is obtained:

ns
X

rD1

ırk� C Cr�kNk

�

@Nr

@t
C

3
X

iD1

@

@xi

Nk

 

ns
X

rD1

ırk� C Cr�kNr

�
�V

r
i C

�

1 C
�k�e

�

�

V
n

i

!

�

3
X

iD1

Ji

@

@xi

�

�kNk

�

�

�

3
X

iD1

ns
X

rD1

@

@xi

�

�r

�

ırk

jCkj
C

�kNksr

�

�

@Pr

@xi

�

D Wk

(37)

We then use the ideal gas relationship in Eq. (12), expand the partial derivatives, and rewrite:

ns
X

rD1

ırk� C Cr�kNk

�

@Nr

@t
C

3
X

iD1

@

@xi

Nk

 

ns
X

rD1

ırk� C Cr�kNr

�
�V

r
i C

�

1 C
�k�e

�

�

V
n

i

!

�

3
X

iD1

Ji

@

@xi

�

�kNk

�

�

�

3
X

iD1

ns
X

rD1

@

@xi

�

�rkBTr

�

ırk

jCkj
C

�kNksr

�

�

@Nr

@xi

�

D Wk C

ns
X

rD1

3
X

iD1

@

@xi

�

�rkBNr

�

ırk

jCkj
C

sr�kNk

�

�

@Tr

@xi

�

(38)

The latter is the proposed “ambipolar form” of the transport equation for the negatively-charged species. It must be used not

only for the electrons but for all negative ions. It is emphasized that the recast Eq. (38) is obtained from the physical model

outlined in Section 2 without making any assumption or simplification. As such, it can be used not only in quasi-neutral regions

but also in non-neutral regions including cathode and anode sheaths.

6. Proposed Governing Equations

We can combine the transport equation for the positively-charged species, Eq. (28) and the transport equation for the negatively-

charged species, Eq. (38) into a single equation:

ns
X

rD1

ırk� C ˇ�
k

Cr�kNk

�

@Nr

@t
C

3
X

iD1

@

@xi

Nk

 

ns
X

rD1

ırk� C ˇ�
k

Cr�kNr

�
�V

r
i C

�

1 C ˇ�
k

�k�e

�

�

V
n

i

!

�

3
X

iD1

ˇ�
k Ji

@

@xi

�

�kNk

�

�

C

3
X

iD1

ˇC
k

Ei

@

@xi

�kNk �

3
X

iD1

ns
X

rD1

@

@xi

�

�rkBTr

�

ırk

jCkj
C

ˇ�
k

sr�kNk

�

�

@Nr

@xi

�

D Wk C

ns
X

rD1

3
X

iD1

@

@xi

�

�rkBNr

�

ırk

jCkj
C

ˇ�
k

sr�kNk

�

�

@Tr

@xi

�

� ˇC
k

�kNk

�e

�0

(39)

with

ˇ˙
k D max.0; ˙ sk/ (40)
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We can simplify further the latter by defining the ambipolar tensor ˛ as:

˛kr �
ırk� C ˇ�

k
Cr�kNk

�
D jCr j

�

ırk

jCkj
C

ˇ�
k

sr�kNk

�

�

D
Nk

Nr

ırk� C ˇ�
k

Cr�kNr

�
(41)

and by noting that the following equality holds:

1 C ˇ�
k

�k�e

�
D

ns
X

rD1

ırk� C ˇ�
k

Cr�kNr

�
(42)

We thus obtain:

ns
X

rD1

˛kr

@Nr

@t
C

3
X

iD1

ns
X

rD1

@

@xi

˛kr

�

�V
r

i C V
n

i

�

Nr C

3
X

iD1

�

ˇC
k

Ei � ˇ�
k Ji

� @

@xi

�kNk

�

ˇC
k

C 1
�

ˇ�
k

�

�

3
X

iD1

ns
X

rD1

@

@xi

�

�rkBTr˛kr

jCr j

@Nr

@xi

�

D Wk � ˇC
k

�kNk

�e

�0

C

ns
X

rD1

3
X

iD1

@

@xi

�

�rkBNr˛kr

jCr j

@Tr

@xi

�

(43)

The proposed charged species transport equations can also be written in general matrix form as follows:

R D Z
@U

@t
C

3
X

iD1

@

@xi

AiU C

3
X

iD1

Gi

@

@xi

BU �

3
X

iD1

@

@xi

�

K
@U

@xi

�

� S (44)

where R is the residual which is driven to zero through the iterative process, and where the other matrices can be shown to

correspond to:

ŒU �k D Nk (45)

ŒAi �k;k D

ns
X

rD1

ırk� C ˇ�
k

Cr�kNr

�
�V

r
i C

�

1 C ˇ�
k

�k�e

�

�

V
n

i (46)

ŒB�k;k D ˇC
k

�k C
1

�
ˇ�

k �k (47)

ŒGi �k;k D ˇC
k

Ei � ˇ�
k Ji (48)

ŒK�k;r D
�rkBTr˛kr

jCr j
(49)

ŒZ�k;r D ˛kr (50)

ŒS�k D Wk � ˇC
k

�kNk

�e

�0

C

ns
X

rD1

3
X

iD1

@

@xi

�

�rkBNr˛kr

jCr j

@Tr

@xi

�

(51)

In the latter, the velocity difference �V can be obtained by substituting Eq. (3) into Eq. (23):

�V
k

i D

3
X

j D1

sk z�k
ij E

n
j C

3
X

j D1

 

ıij �k � z�k
ij

jCkjNk

!

@Pk

@xj

� sk�kEi (52)

while the current density is obtained from Eq. (9) and the electric field is obtained from the potential equation based on Ohm’s

law which can be derived from the physical model outlined in Section 2 following the approach shown in Ref. [18]:

3
X

iD1

@

@xi

0

@

3
X

j D1

z�ij

�

�
@�

@xj

C .V n � B/j

�

�

3
X

j D1

ns
X

kD1

sk z�k
ij

@Pk

@xj

C �eV
n

i

1

A D �
@�e

@t
(53)

from which the electric field can be found using Eq. (7).

It is noted that the set of equations proposed herein is obtained from the same physical model as the conventional set of equa-

tions without introducing any additional assumption or simplification. As such, the exact solution obtained from the proposed

set of equations is identical to the one obtained from the conventional set not only for quasi-neutral plasmas with significant
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ambipolar diffusion and drift phenomena but also for non-neutral sheaths, for unsteady plasmas, as well as for plasmas where

the displacement current is non-negligible.

Despite yielding the same exact solution as the conventional equations, the set of equations proposed herein is advantaged

by being considerably less stiff and hence requiring significantly less computing effort to reach convergence. Further, as will

be shown below in the Test Cases section, the proposed equations yield a considerably higher resolution within plasma regions

that are quasi-neutral.

7. Boundary Conditions

When the electron Hall parameter (i.e. the product between the electron mobility and the magnitude of the magnetic field)

becomes significant due to a strong applied magnetic field, the enforcement of boundary conditions can become problematic.

The difficulties arise when imposing a zero current condition perpendicular to dielectric surfaces by setting to zero the component

of J perpendicular to the surface in Eq. (9). When the magnetic field is non-zero, such leads to the potential � at the boundary

node depending not only on the properties of the nearest inner node but also on the properties of the adjacent boundary nodes.

Numerical experiments show that such direct dependence between boundary nodes entails major convergence problems for many

plasma flowfields either when using the conventional or the proposed set of governing equations. The convergence difficulties

become more severe when the electron Hall parameter approaches or exceeds 0.1 often leading to the solution diverging towards

aphysical states or continuously oscillating without reaching a root.

One way that this problem can be overcome is by setting the magnetic field to zero on all boundary nodes and on all inner

nodes adjacent to boundary nodes. In doing so, the plasma is not subject to a magnetic field near the surfaces and the same

boundary conditions as used for a plasma in the absence of magnetic field can be specified:

@

@�
NCV

C
� D 0 and N� D 0 and Ne D



�e

ns
X

kD1

Nk�kˇC
k

for dielectrics or for E� < 0 (54)

NC D 0 and
@

@�
N�V

�
� D 0 and

@

@�
NeV

e
� D 0 otherwise (55)

with  being the secondary emission coefficient and the subscripts/superscripts “e”, “�”, and “C” denoting the electron species,

the negative ion species, and the positive ion species respectively. In the latter � refers to the coordinate perpendicular to

the boundary and pointing away from the surface towards the nearest inner node, while E� and V
k

� refer to the electric field

component and kth species velocity component in the direction of �.

As well, the potential on the dielectrics is specified such that the current perpendicular to dielectric surfaces is zero. Because

the magnetic field is zero at the boundary nodes and the near-boundary nodes, this yields the following expression for the

dielectrics potential:

@�

@�
D �

1

�

ns
X

kD1

sk�k

@Pk

@�
for dielectrics only (56)

It may be argued that setting the magnetic field to zero on the boundary and near-boundary nodes may entail some errors in

the converged solution. However, such errors disappear as the grid is refined because the volume of the unmagnetized regions

near the surfaces becomes insignificant compared to the total volume of the plasma.

When applying the boundary conditions, it is found necessary to under-relax the update of the number densities and of the

potential on the boundary nodes in order to prevent convergence hangs. For all cases here considered, either when using the

conventional or the proposed equations, the relaxation factor is set to 0, 0.8, and 0.5 for the ion, electron, and potential equations

respectively. The relaxation factor is such that, when set to 0, the boundary node property does not depend on its previous value

when being updated and, when set to 1, the boundary node property remains unaltered.

8. Discretization and Integration

To enable a fair comparison, both the conventional and the proposed sets of equations are discretized using the same stencils

and solved using the same iterative procedure.

The convection terms are discretized with the Steger-Warming scheme turned second-order accurate through the Van Leer

TVD limiter, while the diffusion terms are discretized with centered stencils, and the term GıxBU is discretized as specified in
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Ref. [15]. When extending the Steger-Warming scheme or the centered diffusion stencils to multiple dimensions, a dimensional-

splitting strategy is employed in which the derivatives are split amongst the several dimensions and then discretized using

one-dimensional operators. Because the problems tackled herein are such that the molecular and ambipolar diffusion effects

are sufficiently strong to prevent discontinuities in the charged species densities, it is found unnecessary to use the upwinded

discretization stencils for the potential equation proposed in Ref. [18] (which are needed to prevent even-odd node discoupling

of the potential to occur in the vicinity of discontinuities). Rather, all terms within the potential equation are discretized with

centered stencils whether the potential equation is based on Gauss’s law or the generalized Ohm’s law.

The discretized set of transport equations is converged by minimizing the residual vector through a block-implicit ADI

algorithm [22]. To improve the convergence rates, it is found beneficial to linearize the Townsend ionization chemical source

terms under the condition of constant current and to partially linearize the source terms added to enforce Gauss’s law within the

proposed equations (see Ref. [17] for details). The potential equation either based on Ohm’s law or Gauss’s law is not solved in

coupled form with the species transport equations. Rather, as in other plasma solvers, a more robust integration strategy is to solve

the potential equation independently through a scalar approximate factorization algorithm (see Ref. [18]). Thus, the convergence

procedure consists of performing one iteration in pseudotime of the charged species transport equations keeping the potential

constant, followed by one or more iterations in pseudotime of the potential keeping the charged species densities constant. Such

a procedure is repeated until the residual of the potential and of all species transport equations is reduced sufficiently. Through

trial and error, it is found that specifying the pseudotime step as follows for the potential equation yields optimal convergence

rates:

��� D

8

ˆ

ˆ

<

ˆ

ˆ

:

Lc �
3

min
iD1

�

�xi

�ref C �

�

for the potential equation based on Ohm’s law

Lc �
3

min
iD1

.�xi / for the potential equation based on Gauss’s law

(57)

As well, either for the proposed or conventional charged species transport equations, the pseudotime step is set to the same value

for all nodes and equal to the highest value that satisfies the following condition on all inner nodes:

��N � CFL �
3

min
iD1

 

�xi

aref C �e

ˇ

ˇEi � E
0
i

ˇ

ˇ

!

for all inner nodes (58)

where �xi is the grid spacing in the i th dimension, Lc is a characteristic length that varies depending on the problem solved,

aref and �ref are some reference sound speed and conductivity typically set to 300 m/s and 0.003 S/m, and CFL is a user-defined

parameter that is set to some low value (close to 1) in the initial stages of convergence and then progressively increased. How

the parameters affecting the local pseudotime step are varied will be outlined in more detail for each test case.

9. Test Cases

The test cases considered herein consist of simulating electron-beamed ionized air plasmas enclosed by dielectrics and elec-

trodes. Unless otherwise stated, the air plasma includes 6 components (N2, O2, e�, NC
2 , OC

2 , and O�
2 ) with the reaction rates as

well as the mobilities for each charged species being taken from Ref. [17]. The plasma chemical reactions include Townsend

ionization, electron-beam ionization, ion-ion recombination, electron attachment as well as dissociative recombination. For

simplicity and to avoid the handling of the O and N species, we rewrite the dissociative recombination reaction for oxygen

e� C OC
2 ! O C O to e� C OC

2 ! O2 and similarly for nitrogen. As can be demonstrated starting from the energy transport

equation for each charged species, the electric field appearing within the expressions for the mobilities and within the Townsend

ionization rates must be substituted by the effective electric field in the respective species reference frame, i.e. jE C V
k � Bj.

A justification for doing so as well as details on how to obtain the effective electric field through an iterative process are given

in Appendix A. The characteristic length scale needed to converge the potential equation is varied cyclically for all cases as

Lc D 0:0003; 0:003; 0:03; 0:0003 m; :::, while the CFL number and the number of potential subiterations are outlined below

on a case by case basis.

9.1. Multicomponent Plasma

The first test case consists of a 6-component air plasma ionized through an electron beam with the problem setup depicted in

Fig. 1. The electron beam power is sufficiently low that no quasi-neutral region forms and is such that the negative ion density

is of the same order of magnitude as the positive ion density. The boundaries are set to electrodes with all electrodes having the
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same potential. The externally-applied magnetic field is set to 1 Tesla, which yields an electron Hall parameter approaching 1

in this case. Because there is no quasi-neutral region, the conventional equations do not require an excessive computing effort

to reach convergence hence permitting the solution of fine meshes in a reasonable amount of computing time.

Being relatively easy to solve using either equations set, such a test case is hence particularly well suited in verifying that the

proposed equations result in the same solution as the conventional equations when the plasma has negative ions, has several types

of positive ions, is under influence of a strong magnetic field, and is non-neutral. It is emphasized that, contrarily to previous

attempts at solving weakly-ionized plasmas in magnetic field using a potential based on the generalized Ohm’s law, the approach

proposed herein is applicable not only to quasi-neutral plasmas but also to non-neutral plasmas because it guarantees the correct

solution of Gauss’s law through some appropriate source terms added to the ion transport equations. This is confirmed through

a comparison between the proposed and conventional equations on the basis of the net charge density contours and current

magnitude contours in Figs. 2 and 3 respectively. From the latter figures, it is apparent that the proposed equations (in which

the potential equation is obtained from the generalized Ohm’s law) yield a solution that is visually indiscernible from the one of

the conventional equations (in which the potential equation is obtained from Gauss’s law) despite the plasma being significantly

non-neutral throughout the domain. Although not shown here for conciseness, a grid convergence study of several properties

(negative and positive ion densities, current magnitude, potential, etc) indicates that although the two sets of equations may yield

different solutions when the grid is coarse, such differences in the solution become negligible as the grid is refined. This should

not be surprising as both sets of equations are obtained from the same physical model without introducing simplifications and

as such have the same exact solution.

6-component air plasma:
�

N2; O2; e�; N
C
2 ; O

C
2 ; O�

2

�

NN2
D 1:931 � 1024 m�3

NO2
D 0:483 � 1024 m�3

Te D 20000 K

T D 300 K

Electron beam:

Qb D 105 W/m3

1

1
Electrode

 D 0:1

� D 0

Bz D 1 T

x

y

FIGURE 1: Non-neutral multicomponent plasma test case; all dimensions in millimeters.
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(b) Proposed equations

FIGURE 2. Comparison between the conventional and the proposed equations on the basis of net charge density (i.e. �e) contours in C m�3

for the multicomponent non-neutral test case. For both the proposed and conventional equations, the mesh is composed of 3452 grid points.
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(b) Proposed Equations

FIGURE 3. Comparison between the conventional and the proposed equations on the basis of current density magnitude (i.e. jJ j) contours in

Amps per square meter for the multicomponent non-neutral test case. A 3452 grid is used for both sets of equations.

9.2. Multicomponent Plasma with Quasi-Neutral Region

Although the proposed set of equations has the same exact solution as the conventional set, it is considerably more computation-

ally efficient whenever the plasma includes a quasi-neutral region of substantial size. Consider for instance the same problem

as outlined in the previous subsection but with the domain spanning 3 mm � 3 mm rather than 1 mm � 1 mm. Because of the

more considerable distance between the electrodes, a quasi-neutral region of substantial size forms in the middle of the domain

as attested by the profiles of the net charge density shown in Fig. 4. Both for the proposed and the conventional equations, it is

here found most efficient to perform 12 subiterations of the potential at every step. The conventional governing equations here

exhibit high stiffness due to the potential equation based on Gauss’s law being particularly sensitive to small errors within the

number densities (more on this below). This makes it necessary to keep the CFL number to low values in order to prevent the

solution from diverging towards aphysical states, hence resulting in hundreds of thousands of iterations to reach convergence as

plotted in Fig. 5. Such stiffness is not exhibited by the proposed governing equations, which allow the CFL number to be raised

by 20 times resulting in a thirtyfold increase in convergence acceleration. Although not shown here for brevity, several other

test cases indicate that this gain in convergence acceleration is not limited to this problem or mesh size in particular: As long

as a quasi-neutral region forms within the plasma, the use of the proposed equations results in a thirtyfold or more reduction

in the number of iterations independently of the other physical phenomena taking place (magnetic field effects, cathode sheath,

ambipolar drift, etc) and of the size of the mesh.

The reason the proposed approach permits the use of higher integration steplengths is because it avoids a potential equation

based on Gauss’s law, with the latter being particularly stiff in quasi-neutral regions because it amplifies the numerical error asso-

ciated with the charged species mass conservation equations. To illustrate this point, consider a 3-component plasma composed

of neutrals, one type of positive ions, and electrons. Then, the Gauss-based potential equation becomes:

�
�0

e
r2� D Ni � Ne (59)

with Ni and Ne the ion and electron number densities and e the elementary charge. The relative error associated with the RHS,

E.Ni � Ne/, can be written as:

E.Ni � Ne/ D
NiE.Ni/ C NeE.Ne/

jNi � Nej
(60)

with E.�/ the relative error of a property due to the pseudotime integration. In quasi-neutral regions, the ion density closely

approaches the electron density and jNi � Nej is orders of magnitude less than either Ni or Ne. Because jNi � Nej � Ne

and jNi � Nej � Ni in quasi-neutral regions, Eq. (60) clearly shows that the relative error associated with the Gauss-based

potential equation is considerably larger (by orders of magnitude) than the relative error associated with either the electron or

the ion number density. Thus, we see that a potential equation based on Gauss’s law amplifies the integration error associated

with either the electron or the ion transport equations in regions of quasi-neutrality. Because of this, very small integration

steplengths need to be specified when integrating the charged species transport equations or the solution will diverge towards
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FIGURE 4. Multicomponent test case with quasi-neutral region: (a) contours of the net charge density �e in C m�3 and (b) number densities

plot at y D 1:5 mm. The results are obtained with the proposed equations using a mesh made of 3452 grid points.
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FIGURE 5. Maximum electron density residual versus the number of iterations for the quasi-neutral multicomponent plasma test case using a

872 mesh; the CFL number is fixed to a value that entails fastest convergence which is found through trial and error to be 1 for the conventional

equations and 20 for the proposed equations.

aphysical states. Such an error amplification can be avoided by obtaining the potential equation from the generalized Ohm’s law

instead of Gauss’s law, as is done herein for the proposed set of equations. In getting rid of the error amplification within the

potential equation, much larger integration steplengths can be used for the charged species transport equations, and the system

of equations exhibits considerably less stiffness.

Being less stiff and offering significantly faster convergence are not the only advantages that the proposed equations offer. The

present approach is further advantaged by offering a higher resolution of the converged solution within quasi-neutral regions.

This becomes apparent when evaluating the relative error on the potential on several meshes, as is done in Table 1: for a

given mesh size, the error on the potential is typically reduced fourfold when using the proposed equations. Differently put,

the present approach can achieve the same accuracy on the potential with a mesh size being 4 times smaller, which would

result approximately in a eightfold decrease in computational effort (the computing time is proportional to the mesh size times

the number of iterations, with the number of iterations typically increasing with the square root of the mesh size in 2D). The

relatively low resolution of the solution when using the conventional equations is attributed to the potential equation based on

Gauss’s law being strongly function of the net charge density, which is itself highly sensitive to small errors of the electron and

ion densities in regions of quasi-neutrality. This leads to an amplification of the numerical error when computing the potential
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TABLE 1.

Relative error assessment in solving the multicomponent plasma test case (with quasi-neutral region).a;b

Average relative error

1

SNref

Z S

0
jNe � .Ne/exactj dS

1

S�ref

Z S

0
j� � �exactj dS

Governing equations 442 nodes 872 nodes 1732 nodes 3452 nodes 442 nodes 872 nodes 1732 nodes 3452 nodes

Proposed 0.180 0.0730 0.0250 0.0071 0.205 0.0785 0.0148 0.0047

Conventional 0.201 0.0811 0.0287 0.0081 0.830 0.326 0.120 0.041

a The “exact solution” is computed with the proposed governing equations and a mesh of 6892 nodes
b The domain surface area S is set to 9 mm2 while the reference density Nref and reference potential �ref are given values of 1017/m3 and 10 V respectively.

and a somewhat low resolution of the converged solution. Because the potential equation based on the generalized Ohm’s law is

not strongly dependent on the net charge density, the proposed equations are not subject to such an error amplification and lead

to a solution that is more accurate for a given mesh size.

When simulating a non-neutral plasma in which the electrons are magnetized and in which there is a quasi-neutral region

of significant size, it is here seen that the proposed equation set is not only considerably less stiff than the conventional set but

also exhibits a higher resolution of the converged solution. Combined together, these lead to a considerable two-hundredfold

decrease in computing effort for a desired level of accuracy.

9.3. Gas Discharge

The third test case here investigated consists of a gas discharge between two electrodes with a voltage difference of 800 Volts

and with the boundary conditions and problem setup schematized in Fig. 6. The magnetic field is fixed to 0.8 Tesla and is

perpendicular to the computational plane. This results in a significant magnetic field effect on the flow properties due to the

electron Hall parameter being of 0:5. Because such a test case requires a very high number of iterations to converge when using

the conventional equations, and because solving a 6-component plasma chemical model requires significantly more computing

effort than a 3-component model, it is here decided to reduce the complexity of the chemical model by solving a reduced set

of reactions involving only 3 species. The air plasma here considered is thus composed of one type of positive air ions, one

type of air neutral molecules, and electrons, with the chemical reactions and mobilities taken from Ref. [17]. As can be seen

in Fig. 7, the voltage difference is sufficient for Townsend ionization to occur near the cathode, and the electron-beam power

deposited is sufficiently high for a quasi-neutral region to form near the anode. Such a test case is hence well suited to test the

performance of the proposed equations in simulating non-neutral cathode sheaths in the presence of a magnetic field typical of

plasma magneto-aerodynamics.

3-component air plasma:
�

AirC, e�, Air
�

Nn D 2:414 � 1024 m�3

Te D 20000 K

T D 300 K

Electron beam:

Qb D 2 � 106 W/m3

0.3022

0.3022

1

1

Dielectric,  D 0:1

Cathode

� D 0 V

 D 0:1

Anode

� D 800 V

Bz D 0:8 T

x

y

FIGURE 6: Gas discharge test case; all dimensions in millimeters.
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FIGURE 7. Electron and ion density contours (in 1018 m�3) for the gas discharge test case using the proposed governing equations and a mesh

made of 1732 grid points.
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FIGURE 8. Maximum ion density residual versus the number of iterations for the gas discharge test case using a 872 mesh; the CFL number

is raised to as high a value as possible (i.e. 40 for the conventional equations and 1000 for the proposed equations).

The electron and ion number densities are fixed initially to 2�1017 m�3, which is verified not to cause difficulties in obtaining

convergence either for the proposed or the conventional equations. It is found most efficient for either set of equations to perform

3 subiterations of the potential equation (keeping the densities constant) for each iteration of the charged species number densities

(keeping the potential constant). The CFL number is set to 5 for the first 1000 iterations and then progressively increased by 0.4%

per iteration until it reaches an optimal value. Through trial and error, it is found that the optimal value for the CFL number is of

40 for the conventional equations and of 1000 for the proposed equations. Specifying a lower or higher value for the CFL number

would yield either slower convergence rates or divergence towards aphysical states. As attested by the convergence histories

plotted in Fig. 8, the present equation set is considerably less stiff and permits significantly faster convergence, resulting in a

more than twentyfold increase in convergence rate.

An intriguing aspect of Fig. 8 are the spikes in maximum ion density residual exhibited by the conventional equations. Such

are verified to be absent from the convergence history when the magnetic field is set to a value slightly less than the specified

0.8 Tesla. On the other hand, when the magnetic field is set to a value exceeding 0.8 Tesla, the problem becomes unsteady

and the residual does not converge. For these reasons, it is postulated that the observed spikes in the residual plot are due to

the problem being on the verge of becoming unsteady and hence exhibiting some temporary unsteadiness in its convergence,

although such is not strong enough to prevent a steady-state solution from being eventually obtained. It has been verified that
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FIGURE 9. Grid convergence study of the potential contours (in Volts) for the gas discharge test case using the conventional equations and the

proposed equations.
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FIGURE 10. Comparison between the conventional and the proposed equations on the basis of current density contours (in Amps/m2) for the

gas discharge test case using a mesh of 1732 nodes.
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TABLE 2.

Relative error assessment in solving the gas discharge test case at steady-state.a;b

Average relative error

1

SNref

Z S

0
jNe � .Ne/exactj dS

1

SNref

Z S

0
jNi � .Ni/exactj dS

1

S�ref

Z S

0
j� � �exactj dS

Equations 872 nodes 1732 nodes 872 nodes 1732 nodes 872 nodes 1732 nodes

Proposed 0.111 0.042 0.132 0.050 0.096 0.034

Conventional 0.098 0.057 0.123 0.065 0.069 0.029

a The “exact solution” is computed with the proposed governing equations and a mesh of 3452 nodes
b The domain surface area S is set to 1 mm2 while the reference density Nref and reference potential �ref are given values of 1018/m3 and 100 V respectively.

the slow convergence of the conventional equations is not related to the appearance of spikes: the same significant twentyfold

increase in convergence rates observed here at a magnetic field of 0.8 Tesla was also observed for cases with a lower magnetic

field strength and for which there were no spikes in the residual plots.

Such significant gains in convergence acceleration are obtained while not sacrificing on the accuracy of the solution. A

comparison of the potential contours obtained with both sets of equations (see Fig. 9) reveals essentially no difference within

the non-neutral cathode sheath on either coarse or fine meshes. Further, a grid convergence study reveals that even on the

coarsest mesh computed, the present approach yields potential contours within the quasi-neutral region to be essentially grid

converged (i.e., further refining the mesh would not alter the solution significantly). On the other hand, the potential obtained

with the conventional set of equations is seen to be tainted with significantly more numerical error within the quasi-neutral region,

with the error approaching 5 Volts. This may seem peculiar considering that both the Gauss-based and Ohm-based potential

equations are discretized using stencils of similar accuracy which may be expected to yield a similar numerical error on a given

mesh. Indeed, such would occur should the potential equation be solved by itself independently of the charged species transport

equations. However, the potential equation is here not solved by itself but is rather solved in conjunction with the charged

species transport equations. Because of this, the error on the potential is a function of the error on the charged species and,

as was mentioned above in Section 9.2, the Gauss-based potential equation does suffer from amplifying significantly the error

associated with the charged species within quasi-neutral regions. Such an error amplification does not occur when using the

Ohm-based potential equation. Thus, the Gauss-based potential is tainted with significantly more numerical error than the Ohm-

based potential despite being discretized by stencils of similar accuracy and, because the anode sheath is particularly sensitive

to small changes in the potential, the conventional equations yield a considerably higher error on the current density within the

anode sheath (see Fig. 10). It is estimated that the mesh would need to be refined five- to tenfold for the conventional equations

to yield a current density as accurate as the proposed set.

It may be argued that, because there exists no analytical solution to this problem, it is not certain that the solution obtained

with the proposed approach is necessarily more accurate than the one obtained with the conventional approach. Perhaps the

difference between the two is due to the conventional method converging to an alternate solution rather than having a lower

resolution. However, we consider this to be unlikely. After all, both sets of equations are obtained from the same physical

model and should generally yield the same exact solution when subject to the same boundary and initial conditions. Although

a derivation or coding mistake is possible, the likelihood of such is small because the two approaches were verified to yield

the same exact solution for a problem for which the computational effort necessary to obtain a grid-converged solution was

not excessive (see section 9.1 above). The possibility that there are multiple roots to this problem (as sometimes occurs for

non-linear physical models) is also deemed unlikely. If the conventional equations would be converging to a root different to the

one of the proposed equations, they would not exhibit a solution that becomes more and more similar to the one of the proposed

equations as the grid is refined (see potential contours in Fig. 9 and error assessment in Table 2). For these reasons, we are fairly

confident that both sets of equations here converge to the same root and would yield the same exact solution on highly refined

meshes. Nonetheless, the proposed set is seen to offer a significantly higher resolution of the potential within the quasi-neutral

region and this itself leads to a significantly higher resolution of the anode sheath due to the latter being particularly sensitive to

small changes in the potential.
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9.4. Unsteady Gas Discharge

While the proposed approach has been shown above to yield significant improvements in computational efficiency for steady-

state problems, it is not clear whether the same gains in efficiency can also be attained for time-accurate problems. As well,

we wish to test the efficiency of the present approach when under the influence of an applied “external” electric field similar to

the one which originates from the circuit powering the discharge, with the circuit composed of a DC source (emf) and a ballast

resistor. For this reason, we here perform a time-accurate simulation of the same gas discharge problem outlined in the previous

section but with the external electric field set to 105 V/m and pointing in the positive x direction. The initial conditions are set to

the steady-state solutions obtained without an applied electric field. Thus, the problem would be representative of a steady-state

gas discharge that is suddenly exposed to a strong applied electric field and becomes unsteady.

Because an implicit pseudotime strategy is employed, it is necessary to use a dual-time stepping strategy and to converge

the solution sufficiently at each physical time level to ensure correctness of the solution. For a fair comparison between the

conventional and the proposed set of equations, the pseudotime step is set to as high a value as the non-linear stability restrictions

permit, resulting in a CFL number of 1000 for the proposed approach and of 30 for the conventional approach. It has been verified

that, for either set of equations, setting the CFL to higher values would lead to divergence and setting the CFL to lower values

would result in slower convergence.

In Fig. 11, contour levels of the ion density show that the effect of the applied electric field is the most pronounced within

the cathode sheath. In such region, both sets of equations yield approximately the same ion density contours at a given time

level, which is as expected because both are obtained from the same physical model without introducing additional assumptions

2

1.5
0.52

3

1

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
(a) Proposed eqs., t D 0

x, mm

y
,

m
m

2

1.5
0.5

1

2

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

x, mm

(b) Proposed eqs., t D 1 �s

2

1.5

0.52

3

1

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
(c) Conventional eqs., t D 0

x, mm

y
,

m
m

2

1.5
0.5

1

2

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

x, mm

(d) Conventional eqs., t D 1 �s

FIGURE 11: Ion density contours (in 1018 m�3) for the time-accurate gas discharge test case using a mesh made of 1732 grid points.
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TABLE 3.

Iterations needed for convergence for the time-accurate gas discharge test case.a

Iterations needed for convergence

Time level, �s Conventional equations Proposed equations

0.1 27310 1440

0.2 25620 1030

0.3 23600 850

0.4 22690 720

0.5 21950 630

0.6 21310 540

0.7 20740 470

0.8 20210 410

0.9 19720 370

1.0 19250 330

a For both sets of equations, the solution is considered converged when the ion density residual falls below 1022

m�3 s�1, which yields approximately 2-4 orders of magnitude of convergence at each time level; iterating

further below this threshold is verified not to alter the converged solution appreciably.

or simplifications. The small differences between the two sets are not due to a different physical model used but rather due to

grid-induced error, which has been verified to become smaller as the mesh is refined.

While the converged solution itself is not affected by the choice of equation set, such is not the case for the convergence rates.

Indeed, as attested by convergence data tabulated in Table 3, the proposed equation set is advantaged by exhibiting a substantial

twenty- to fifty-fold decrease in the number of iterations to reach convergence at each time level. Such corresponds more or

less to the same benefits in convergence acceleration as for a steady-state problem. The faster convergence rates are here again

attributed to the proposed equations being free of stiffness and allowing higher pseudotime steps to be used.

9.5. Fully Magnetized Plasma

So far, the test cases considered were such that the Hall parameter for the electrons approached one and the Hall parameter for

the ions remained considerably less than one. Such cases would commonly be referred to in plasmadynamics as not being fully

magnetized. Indeed, while the electrons were significantly affected by the magnetic field and were hence magnetized, the same

could not be said of the ions who were subject to negligible magnetic field influence (i.e., negligible ion slip). In order to test

the capabilities of the proposed set of equations in solving fully magnetized plasmas in which ion slip is significant, we here

consider a test case which is such that the Hall parameter for both the ions and the electrons is considerable. The problem is
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FIGURE 12: Problem setup for the fully magnetized plasma test case. All dimensions in millimeters.
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FIGURE 14: Normalized ambipolar diffusion coefficient as a function of the magnetic field for the fully magnetized plasma test case.

setup as shown in Fig. 12, with the neutrals density being sufficiently low that a magnetic field strength of 8 Tesla induces a Hall

parameter for the ions of 0.4 and a Hall parameter for the electrons of 214, hence resulting in a significant amount of ion slip.

Because the electron beam acts only on the right half of the domain, and because the electron beam power deposited is

sufficiently strong to induce quasi-neutrality, an ambipolar diffusion wave forms in the center of the domain between the highly

and lowly ebeam-ionized regions (see the ion density contours in Fig. 13).

The observed decrease of the diffusion wave thickness at a higher magnetic field should not be surprising. As can be

demonstrated from basic principles, the ambipolar diffusion wave becomes affected by the magnetic field when the ion slip

becomes significant. Indeed, should the electric field component transverse to the wave be zero (as is the case here), the ambipolar

diffusion coefficient can be shown to vary inversely proportional to the square of the magnetic field as follows (see Appendix B

in Ref. [21]):

Da D

�

1 C
Te

Ti

�

Di

1 C �e�iB
2
z

(61)

where Da is the ambipolar diffusion coefficient, Ti is the temperature of the ions, and Di the diffusion coefficient of the ions.

Such a dependence of the ambipolar diffusion coefficient on the magnetic field can be verified for this particular problem by

measuring the distance between the minimum and maximum ion density contour levels obtained with the proposed method and

extracting from the latter the effective diffusion coefficient for the ions (which is equal to the ambipolar diffusion coefficient).

Difficulties are here encountered in obtaining grid-converged results due to a substantial number of nodes being required to

capture correctly the particularly thin ambipolar diffusion wave at a high Hall parameter. Nonetheless, as long as the mesh is
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refined sufficiently, results obtained with the proposed set of equations do yield essentially the same dependence of the ambipolar

diffusion coefficient on the magnetic field as predicted by the exact theory (see Fig. 14). A similar study could not be performed

using the conventional equations, however, due to the latter exhibiting too high stiffness for this problem and not converging in

a reasonable time frame.

10. Conclusions

A new set of equations is here presented to simulate weakly-ionized plasmas in magnetic field using the drift-diffusion fluid

model. The proposed set of equations consists of obtaining the potential from the generalized Ohm’s law rather than from

Gauss’s law as is the case in the conventional set of equations. To ensure that Gauss’s law is satisfied in non-neutral regions

some source terms are added to the ion transport equations. Because the proposed equations are obtained from the same physical

model as the conventional equations without introducing new simplifications, they yield the same exact solution either in non-

neutral or in quasi-neutral plasma regions (including sheaths near the surfaces as well as regions with significant ambipolar

diffusion and drift).

The present equation set is nonetheless advantaged over the conventional set by not being subject to high stiffness when the

plasma includes one or more zones of quasi-neutrality. Reducing the stiffness of the system permits larger integration steplengths

to be used which leads to a significant decrease in the number of iterations to reach convergence. Several test cases reveal that

the integration steplength can be increased by 20 times or more leading typically to a thirtyfold decrease in the iteration count

whenever a quasi-neutral region of substantial size forms within the plasma. Such gains in convergence acceleration are observed

to be independent of the size of the mesh, of the current magnitude, or of the strength of the magnetic and electric fields.

Another advantage of the proposed equations is in yielding a higher resolution of the converged solution within (or in the

vicinity of) quasi-neutral regions when the externally-applied magnetic field is significant. Indeed, several grid convergence

studies of plasmas with large quasi-neutral regions show that the electric field potential is subject to excessive error when

obtained from a potential equation based on Gauss’s law. This is attributed to the latter amplifying the error associated with the

charged species densities when the net charge tends towards zero. Such an error amplification is avoided when obtaining the

potential from the generalized Ohm’s law because the latter is not strongly dependent on the net charge density, which leads to

the conventional set of equations typically requiring 5 times more nodes to yield the same accuracy as the proposed set within

or nearby quasi-neutral regions.

Not only is the present set of equations advantaged by being less stiff and hence exhibiting faster convergence, but it also

results in a more accurate solution on a given mesh. When combined together, these gains in resolution and convergence

acceleration result in a one-hundredfold or more increase in computational efficiency for typical steady and unsteady problems

involving a quasi-neutral region of substantial size. On the other hand, should the plasma be entirely non-neutral and not include

zones of quasi-neutrality, the proposed equations are observed to converge as rapidly and to exhibit as high a resolution as

the conventional set. Because the proposed governing equations yield significant computational advantages with no associated

drawback, they are unconditionally recommended to simulate numerically through the drift-diffusion model weakly-ionized

plasmas in the presence of magnetic field.
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A. Effective Electric Field in Species Reference Frame

A justification is here given to why the effective electric field must be determined in the electron reference frame rather than in

the neutrals reference frame when computing the electron mobility and the Townsend ionization rates.

Let us start from the electron energy transport equation as taken from Ref. [23, page 34]:

@
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2
NekBTe
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@
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e � V

e �
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NekBTe�e�m � Qei (A.1)

where Qei represents the amount of energy the electrons lose in creating new electrons through Townsend ionization (that is, the

product between the ionization potential and the number of electrons per unit volume per unit time created by electron-impact
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processes), �e is the thermal diffusivity, �m the collision frequency, F
e is the force per unit volume acting on the electrons due

to electromagnetic fields in the electron reference frame, and �e is a term function of the effective electric field which can be

determined similarly as in Ref. [24].

Consider the energy transport equation in the “local approximation” and neglect the unsteady, convective, and diffusive

terms. Then, noting that the collision frequency can be written as follows:

�m D
e

me�e

(A.2)

we obtain the following expression for the electron temperature:

Te D
2me�e

3eNekB�e

.F e � V
e � Qei/ (A.3)

where the force per unit volume acting on the electrons in the electron reference frame due to electromagnetic fields corresponds

to:

F
e D �eNe .E C V

e � B/ (A.4)

and where, in the “local approximation”, the electron velocity can be taken from Eq. (2) neglecting the pressure gradients:

V
e D V

n � �e .E C V
e � B/ (A.5)

Substitute Eq. (A.5) and Eq. (A.4) in Eq. (A.3):

Te D
2me�e

3eNekB�e

.�eNe .E C V
e � B/ � .V n � �e .E C V

e � B// � Qei/ (A.6)

Because the magnitude of the neutrals velocity can be assumed small compared to the magnitude of the electron velocity, the

electron temperature becomes:

Te D
2me�e

3eNekB�e

�

Ne�eejE C V
e � Bj2 � Qei

�

(A.7)

From the latter, it is clear that in the local approximation the electron temperature is a function of the electric field in the electron

reference frame jE C V
e � Bj, not of the electric field in the laboratory frame jE j. Because the electron mobility and the

Townsend ionization rates depend on the electron temperature, and because the electron temperature is a function of the electric

field in the electron reference frame, it follows that the electron mobility and Townsend ionization rates should be determined

from an effective electron electric field as follows:

Ee
eff D jE ej D jE C V

e � Bj (A.8)

where the electron velocity V
e can be obtained from Eq. (3):

V
e

i D V
n
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3
X

j D1

se z�e
ij E
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3
X

j D1

z�e
ij

jCejNe

@Pe

@xj

(A.9)

Thus, to find Ee
eff , proceed iteratively: (i) Find V

e from Eq. (A.9), (ii) Find Ee
eff D jE ej from Eq. (A.8), and (iii) update z�e using

the latest value of Ee
eff found in step (ii). Repeat steps (i)-(iii) until Ee

eff is converged. It is sometimes necessary to under-relax

the update of the effective electric field Ee
eff in the above iterative process in order to prevent some convergence hang, with the

relaxation factor typically given a value of 0.9.

Similarly, it can be demonstrated that the effective electric field Ek
eff needed for the ion mobilities must also be determined

in the reference frame of the charged species under consideration (i.e. Ek
eff D jEkj D jE C V

k � Bj). The electric field in the

ion frame of reference can be obtained for each ion species through the use of Eq. (3) by following a similar iterative process as

outlined above.
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