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Numerical Investigation of the Turbulent Mixing
Performance of a Cantilevered Ramp Injector
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An injector geometry is considered for fuel delivery in a high-enthalpy,high-Mach-numberair� ow typical of that
found in hypersonic propulsion systems such as the scramjet and shock-induced combustion ramjet or shcramjet.
It is thought to embody the characteristics of both conventional ramp and low-angle wall injection techniques.
The objective is to investigate the turbulent hypervelocity fuel/air mixing characteristics of the considered injector
geometry, with particular emphasis on the effect of the convective Mach number and global equivalence ratio on its
mixing ef� ciency. The analysis of the three-dimensional hypervelocity mixing � ow is based on the Favre-averaged
Navier–Stokes equations closed by the Wilcox k! turbulence model for a multispecies gas. A Roe scheme turned
second-order accurate througha symmetric total-variation-diminishinglimiter is used for the spatial discretization
while approximate factorization is used to iterate in pseudotime. Obtained results show that the mixing ef� ciency
varies by 31% for a convective Mach number ranging from 0 to 1.5 while the associated mass averaged stagnation
pressure varies by only 10%. The mixing ef� ciency is shown to be increased by 30% for a threefold increase in the
global equivalence ratio.

Nomenclature
A, B, C = Jacobian of F , G , S with respect to Q
c = mass fraction
d = number of dimensions
E = total energy, e C k C q2=2
e = internal energy
F = inviscid � ux vector
G = vector of diffusion variables
hk = enthalpy of species k
J = metric Jacobian
K = diffusion matrix
k = turbulence kinetic energy (TKE)
M = Mach number
Mc = convective Mach number
Mt = turbulent Mach number,

p
.2k/=a

ns = number of species
P = pressure
Pk = production of TKE
Q = vector of conserved variables
q = magnitude of the velocity vector
R = residual
R1 = discretized residual
r = mesh dimensions factor
S = vector of source terms
T = temperature
V = contravariantvelocity
v = velocity
X = curvilinear coordinate
X i; j = @X i=@x j

Received 7 June 2001; revision received 22 February 2002; accepted for
publication 26 February 2002. Copyright c° 2002 by the authors. Published
by the American Institute of Aeronautics and Astronautics, Inc., with per-
mission. Copies of this paper may be made for personal or internal use,
on condition that the copier pay the $10.00 per-copy fee to the Copyright
Clearance Center, Inc., 222 Rosewood Drive, Danvers, MA 01923; include
the code 0001-1452/02 $10.00 in correspondence with the CCC.

¤Graduate Student, Institute for Aerospace Studies; bernard.parent@
utoronto.ca. Student Member AIAA.

†Professor, Institute for Aerospace Studies; sislian@caius.utias.
utoronto.ca. Associate Fellow AIAA.

‡Senior Engineer, Combustion and Emissions Department; jurgen.
schumacher@ honeywell.com.

x = Cartesian coordinate
yC = nondimensionalwall distance, y=¹

p
½¿w

1¿ = local pseudo time step
±K r

i j = Kronecker delta
" = dissipation rate of the TKE
´m = mixing ef� ciency
¹; ·; º = viscosity, thermal conductivity

and mass diffusion coef� cient
» = convergence threshold
½ = density
Á = equivalence ratio
Ág = global equivalence ratio
! = dissipation rate per unit of TKE

Subscripts

t = turbulent
w = wall
1 = freestream

Superscripts

? = sum of the molecular and turbulent counterparts
± = stagnation

Introduction

AMONG the many challenges that impede the technical im-
plementation of hypersonic airbreathing propulsion systems,

like the supersonic combustion ramjet (the scramjet) and the shock-
induced combustion ramjet (the shcramjet), the task of homoge-
neouslymixing fuel and air in the high-speed,high-enthalpy� ow is
perhaps the most crucial. The need to inject fuel parallel to the sur-
rounding freestream direction in order to recover the thrust caused
by the momentum of the fuel (which can be appreciableat very high
� ight Mach numbers as stated in Ref. 1) is balanced by the need of
adequate fuel penetration in the incoming air while avoiding hard-
to-cool intrusive parts. This prompted the development of mixing
con� gurations aimed at enhanced fuel penetrationand fuel/air con-
tact surfacestretching(seea recentreviewin Ref. 2 and othermixing
strategies in Refs. 3 and 4). One mixing strategy that has enjoyed
considerable success is by organized longitudinal (or axial) vor-
tices, generated either through wall-mounted ramp injectors5¡8 or
low-angled wall jet injection.9;10
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Fig. 1 Cantilevered ramp injector schematics.

In the present investigation an injection geometry is considered
that is thought to embody the characteristicsof both injection tech-
niques (Fig. 1). It is referredto as a cantileveredramp injector.Shock
B is responsiblefor the cross-streamshear and shock A for the baro-
clinic effect, both of which generate strong longitudinal vortices.
In addition to the side-wall vortices generated by the cross-stream
shear, strong vortices will be produced behind the bluff body of the
injector (vortices M and N in Fig. 1), as in the case of a low-angle
wall fuel injector. These vortices will further enhance the mixing
process. Unlike the low-angled wall injection and the ramp injector
caseswhere fuel is injectedin the vicinityof the bottom-wallbound-
ary layer, the cantilevered ramp injector completely envelops and
shields the fuel jet from the hypersonicboundary layer in which the
maximum temperature is above the hydrogen-air ignition point. Al-
thoughit can be consideredas a candidatefor fuel injectionin scram-
jet combustors,the proposedcantileveredramp injector is primarily
considered for use in shock-induced combustion ramjets (shcram-
jets), where fuel/air mixing should take place without combustion
up to a speci� c location in the engine.

The mechanism of vortex mixing can be considered to consist
of two steps11: 1) a stretching of the fuel/air contact surface by
the large-scale axial vortices (which is purely an inviscid effect)
and 2) the spreading of the fuel/air interface through turbulence.
The large-scaleaxial vortices can be predictedwith good resolution
with present numerical methods solving for the Euler equations,
in contrast to the turbulent eddies (responsible for the spreading
of the fuel/air interface), which require modeling. Simple alge-
braic turbulencemodels (Cebeci–Smith and Baldwin–Lomax) were
used in almost all previous turbulent hypervelocity fuel/air mixing
studies, with the exception of a few12¡14 where “universal” two-
equation k"; k!, or q! turbulence models were considered. In the
presentwork theFavre-averagedequationsare closedby the k! two-
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equation turbulencemodel of Wilcox.15 Among the various existing
compressibilitycorrections,16¡18 only the “dilatationaldissipation”
correction term of Wilcox19 is retained in the present investigation
because of a lack of experimental data justifying the presence of
other terms. The use of the dilatational dissipation is particularly
important to predict this � ow� eld accurately because of the high
convective Mach number11 in use.

The objective of the present investigationis to predict accurately
the turbulenthypervelocityfuel/airmixingcharacteristicsof thepro-
posed cantileveredramp injector,with emphasis on the effect of the
convectiveMach number and global equivalenceratio. At this stage
of the investigation,combustion effects on the mixing performance

of such injectors are ignored. Because these injectors are primarily
aimed for use in shcramjet � ow� elds, where mixing should occur
without combustion, pressure gradients around the fuel jet exit are
kept low (by matching the fuel and air pressures at the fuel exit
planes) in order to avoid premature ignition caused by local shocks.

Governing Equations
The Favre-averaged Navier–Stokes equations closed by the k!

turbulence model of Wilcox15 are here expressed in generalized
coordinates as @ Q=@¿ D ¡R with the residual

R D
dX

i D 1

"
@ Fi

@ X i
¡

dX

j D 1

@

@ X i

³
K i j

@G

@ X j

´#
¡ S (1)

of which a minimization is sought. Because of the nonlinearity of
the equations, the � ctitious unsteady term @ Q=@¿ is necessary to
obtain the right physical root by marching in pseudotime. For the
conservativevariable, convective � ux, and diffusion term, we have
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The total energy E and effective pressure P? include molecular
and turbulent properties, E D e C k C 1

2
q2 and P? D P C 2

3 ½k, with
vi the velocity component in the Cartesian xi direction. The inter-
nal energy, enthalpy, and speci� c heat at constant pressure are de-
termined from temperature-dependent polynomials from McBride
and Reno,20 whereas P is found through the ideal gas law from the
temperature and the density. The diffusion matrix can be shown to
correspond to

where ® and ¯ are function of the metrics only, ®i j D 6d
k D 1 X i;k X j;k

and ¯mn
i j D ®i j ±

Kr
mn C X j;m X i;n ¡ 2

3
X j;n X i;m . For the effective vis-

cosity, thermal conductivity, mass diffusion, and diffusion coef-
� cients of the turbulence kinetic energy (TKE) and length scale
determining equations, we set ¹? D ¹ C ¹t , · ? D · C CP .¹t=Prt /;
º?

k D ºk C .¹t=Sct /; ¹?
k D ¹ C ¹t=¾k , and ¹?

! D ¹ C ¹t =¾! . The
molecular diffusioncoef� cients ¹; · , and º for each species are de-
termined from polynomials based on the kinetic theory of gases.21

The viscosity and mass diffusion of the gas mixture are found
from Wilke’s mixing rule, whereas the thermal conductivity of the
mixture is determined from the Mason and Saxena relation. The
source term includes the baseline terms of the k! model as well
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as some additional terms needed to account for compressibility
effects:
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where ! ´ "=k. The dilatational dissipation correction terms [that
is, the ones involving f .Mt /] are necessary to account for the re-
duced growth of shear layers when the convective Mach number
is high.11;22 The Wilcox19 dilatational dissipation model speci� es
f .Mt / as f .Mt / D 3

2
max.0; M 2

t ¡ 1
16

/. This improves the baseline
k! equations in solving high convective Mach-number shear lay-
ers without under predicting the skin friction in high-Mach-number
boundarylayers, at least up to a freestreamMach numberof 6. More
compressibilitycorrectionsexist,16¡18 but becauseof very few or no
empirical data to justify their presence their effect is neglected in
the presentstudy.Based on dimensionalanalysisarguments, the tur-
bulent viscosity ¹t can be written as ¹t D 0:09 .½k=!/ from which
the effective viscosity can be determined as ¹? D ¹ C ¹t . From the
exact form of the transport equation for k, the turbulence kinetic
energy productionterm can be written in generalizedcoordinatesas
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where ¹? is substituted to ¹t to avoid giving k a nonzero value at
the in� ow as a means of initiating turbulence.Finally, the turbulent
Prandtl number, ¾k , and ¾! are set to 0.9, 2.0, and 2.0, respectively,
while the turbulent Schmidt number is set to 1.0, unless otherwise
indicated.

Discretization and Integration
All partial derivatives are discretized using centered � nite dif-

ference second-order-accurate stencils except for the convection
derivative, which is discretized using the approximate Riemann
solver of Roe23 and made second-order accurate through a sym-
metric minmod limiter by Yee et al.24 The discretized residual is
solved to steady state using a block-implicit approximate factoriza-
tion algorithm25;26 and a linearization strategy of the viscous terms
by Chang and Merkle27:
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with B the linearizationJacobianof theviscousterms (B ´ @G=@ Q)
and C¡

i the linearization Jacobian of the negative source terms
(@S¡=@ Q) for the i D 1 sweep but ignored for the other sweeps.
Only the negative source terms are linearized to ensure the sta-
bility of the implicit algorithm.28 The term ±X i Ai is symbolic and
stands for the linearization of the � rst-order Roe scheme with the
Roe Jacobian locally frozen.29;30 Although more costly per iteration
compared to an LUSGS inversion strategy, approximate factoriza-
tion is chosen here for its ability to solve the Roe scheme without
the need of introducing an explicit arti� cial dissipation term in the
residual (the entropy correction) to stabilize the iterative process.
As shown in a subsequent section, the introduction of the entropy
correction can lead to excessive arti� cial dissipation,which affects
the accuracy of the solution considerably.

Convergence is reached when » for all nodes falls below a user-
de� ned threshold value »verge. We choose to de� ne » as the summa-
tion of the discretizedcontinuity residuals weighted by J ¡1 and the
density:

» ´
J
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nsX
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jR1k j (7)

The pseudo time step 1¿ is � xed to the geometric average
between the minimum and maximum Courant–Friedrichs–Lewy
(CFL) conditions, which is found to give faster convergence than
the minimum CFL condition for cases involving high mesh aspect
ratios.

Boundary Conditions
Finite difference boundary conditions can be enforced on any

node of the computational domain, and some computational sub-
zones can be turned off at will, making the solution of complicated
� ow geometries possible while avoiding a multiblock formulation.
Zeroth-orderextrapolationpolynomialsare used to obtain the prop-
erties from the adjacent inner node at the supersonicout� ow bound-
ary, whereas the properties at the supersonic in� ow boundary node
are not altered in pseudotime. As suggested by Wilcox,31 the spe-
ci� c dissipationrate is set to 10 q1=L in the freestream,with L here
equal to one meter. At the symmetry node a � rst-order extrapolation
is used to obtain P?; k; !; ½ and the velocity components tangent
to the surface, while the perpendicularvelocity component is set to
zero. At the wall the turbulence kinetic energy and the velocity are
� xed to zero, while the effective pressure is extrapolated using a
� rst-orderpolynomial.Also, the dissipationrate at the wall is speci-
� ed as !w D 36

5 .¹=½d2
w/ with dw the distancebetween the near-wall

node and the wall.31

Validation
A Mach 2 swept ramp injector mixing problem is studied ex-

perimentally and numerically in Donohue et al.32 Because of the
advancedmeasuring techniqueutilized, the experimental results in-
clude the contours of many � ow properties of interest at different
cross-streamplanes and serve as an excellent test bed for validating
our numerical method. Mixing takes place in a 30-mm-deep and
18.1-mm-high duct using the swept injector design shown in Fig. 2.
A grid composed of 2.4 million nodes is judged suf� cient for this
problem as it gives mass fraction contours of the injectant close
to those obtained using a 0.33-million-nodemesh. To simulate the
2-mm-high incoming boundary layer present in the experiments,
a short constant-area duct is concatenated to the injector domain.
A rectangular-shapedinjectant jet (as opposed to a circular-shaped
jet) is used in the numerical simulations to simplify the gridding
process. The duct walls at y D §15:2 mm are simulated as symme-
try planes in order to concentrate the nodes in the mixing region.
The incoming air is set to a pressure of 30.8 kPa, a temperature
of 163 K, and a Mach number of 2, while the injectant in� ow is
� xed to a speed of 470 m/s, a temperature of 180 K, and a mass
� ux of 0.00261 kg/s. Particular attention is given to matching the
injectant speed and mass � ow rate between the experimentsand nu-
merical simulation,as these two parametersare shown subsequently
to in� uence the mixing process signi� cantly. Also, a short constant
area runway of 2 mm is imposed to the injectant prior to injection.
The Wilcox k! model is used in conjunction with the Wilcox di-
latational dissipation correction, yet compressibility effects play a
minimal role in this case. An additional simulation with no dilata-
tional dissipationmodeling showed a relativedecrease of only 15%
in the maximum injectant mole fraction at x D 40 mm. Figure 3
shows a comparison between the injectant mole fraction contours
obtained experimentally and with the present numerical method in
the planes x D 2:5, 10, and 40 mm. At a turbulent Schmidt number
of 0.25, the agreement is excellentboth on the basis of the shapeand

Fig. 2 Schematic of the Donohue swept ramp injector; all dimensions
are in millimeters unless otherwise speci� ed.
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Table 1 Test cases

Hydrogen in� ow conditions

Case Mc 1q , m/s Ág Sct q , m/s ½, kg/m3 T , K M T ±, K

C1 ¡0.5 ¡715 1 1 2613 0.006787 170 2.63 407
C2 0 0 1 1 3328 0.005317 217 2.97 600
C3 0.5 844 1 1 4172 0.004242 272 3.33 875
C4 1 1815 1 1 5143 0.003434 336 3.7 1252
C5 1.5 2960 1 1 6288 0.002814 410 4.09 1780
C3r1 0.33 844 0.33 1 4172 0.001439 802 1.94 1405
C3r2 0.73 844 3 1 4172 0.012678 91 5.76 694
C3h 0.5 844 1 0.25 4172 0.004242 272 3.33 875

aAir is set to q D 3328 m/s, T D 462 K, ½ D 0:0357 kg/m3, and M D 7:73, while P? for air and H2 is set to 4758 Pa.

Fig. 3 Injectant mole fraction at different x stations for the Donohue
injector case. H refers to the height of the injector (that is, 5 mm).

Fig. 4 External compression shcramjet schematic.

size of the region spanned by the injectant and on the basis of the
injectant mole fraction quantities. However, � xing Sct to 1 results
in underpredicted mixing and a maximum injectant mole fraction
more than two times theone measuredexperimentallyin the far � eld
(Fig. 3). A good choice of the turbulent Schmidt number is hence
shown to be critical in the correct prediction of this � ow� eld.

Injector Con� guration
Fuel injection is assumed to take place after the � rst shock in the

inletof anon-designexternalcompressionshcramjetat a � ightMach
number of 11 as shown in Fig. 4. The shcramjet inlet is designed
assuming a � ight dynamic pressure of 67 kPa, equal strength inlet
shocks, a 900 K temperature prior to the detonation wave, and an
inlet length of 0.7 m. This results in air properties of P D 4758 Pa,

Fig. 5 Design of the cantilevered ramp injector; all dimensions are in
millimeters unless otherwise noted.

T D 462 K, and M D 7:73 after the � rst inlet shock, which are used
as in� ow properties to the injector problem studied herein (Fig. 5).
Whereas the fuel/air mixture would cover a distance of at most
0.8 m in the shcramjet inlet before reaching the detonationwave, the
present study assumes a mixing region length of 1 m to account for
the increase in mixing per unit length that is expected to occur after
the second and third inlet shocks,where the � ow height diminishes.
The injector geometry and air in� ow properties are unaltered for all
test cases, and only the fuel jet conditions are varied, according to
Table 1 . Except for cases C3r1 and C3r2, where the mass � ux of
hydrogen is varied, the fuel is injected in stoichiometricproportions
with respect to the � ow of air entering the shcramjet. The wall
temperature is � xed in all cases to 462 K, and the in� ow pressure
for the air and the fuel is set to 4758 Pa.

The cases in Table 1 have the following terminology: C stands
for the cantilevered injector design with the dimensions shown in
Fig. 5, followed by a number related to the velocity difference be-
tween the fuel and the air. A change in the convectiveMach number
of the system is achieved through a variation of the stagnation tem-
perature of the fuel. The acronyms r1 and r2 stand for cases run
with three times less and three times more injected hydrogen mass
� ux, respectively, whereas h refers to a turbulent Schmidt number
of 0.25. All other cases are run at a turbulent Schmidt number of
unity. A fuel runway of 10 mm prior to injection is imposed inside
the injector to avoid a singularity point in the turbulence and other
� ow properties at the point of injection.

All injector � ow� elds are computed with the Wilcox k! model15

including the dilatational dissipation correction of Wilcox.19 No
entropy correctionterm is used in conjunctionwith the Roe scheme
to avoid excessive arti� cial dissipation(see the following). Second-
order-accuratesymmetry boundary conditions are imposed at z D 0
and 20 mm to simulatean in� nite arrayof injectorsalong z. In� ow is
speci� ed as the top boundary condition for x < 0, whereas out� ow
is speci� ed for x > 0.

The mixing ef� ciency is de� ned as the ratio between the mass
� ow rate of oxygen that would burn at x D xs and the mass � ow rate
of oxygen entering the just-mentioned shcramjet inlet (see Fig. 4)
through a depth of 0.02 m:

´m ´

RR
½v1cR

O2
dy dz


x D xs

C
RR xs

0
½v2cR

O2
dx dz


y D ytop

0:02726 kg=s
(8)

where the � owexitingthe topboundaryis takeninto accountthrough
the second term in the numerator. It is noted that Eq. (8) does not
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include the � ammability limits of hydrogen/air chemistry and is
hence expected to overestimate the amount of oxygen burned for
some cases. The reacting mass fraction of oxygen cR

O2
is set to cO2

if cH2 > cS
H2

and to cS
O2

cH2=cS
H2

otherwise. The stoichiometric mass
fraction of hydrogen cS

H2
corresponds to 0:02876. Similarly, the in-

tegrationof the mass-� ux-averagedstagnationpressure includesthe
addition of the mass � ow through the top boundary:

P±
ave ´

RR
½v1 P± dy dz


x D xs

C
RR xs

0
½v2 P± dx dz


y D ytopRR

½v1 dy dz


x D xs
C

RR xs

0
½v2 dx dz


y D ytop

(9)

The convective Mach number is de� ned as the ratio between the
difference between the in� ow speed of fuel and the in� ow speed of
air and the sum of the sound speedof air and hydrogenat in� ow, that
is, Mc ´ qH2 ¡ qair=aH2 C aair, where qH2 ; qair, and the sound speeds
can be readily determined from Table 1. Mc is not a � ow property
but a property of the system, as it depends solely on the in� ow
properties of fuel and air.

Numerical Accuracy Assessment
Although the approximate closure of the Favre-averaged equa-

tions through turbulence modeling induces some error in the deter-
mination of the � ow� eld, it would be erroneous to believe this to be
the only source of error present33;34: the convergence threshold, the
grid, the wall node spacing, and the user-speci�ed explicit arti� cial
dissipation (that is, the entropy correction term) can all contribute
to quite appreciable errors on the computed properties.

Solution Convergence
The value given to the convergence threshold »verge is chosen for

all cases to be 3 £ 103 1/s. For case C3 an additionalsimulation at a
10-folddecrease in »verge (that is, 3 £ 102 1/s) showed small changes
in the mixing ef� ciency, mass-� ux-averaged stagnation pressure,

Fig. 6 Grid-convergence study of the mixing ef� ciency for case C3; a
mesh dimensions factor of r = 0.65, 1.0, and 1.55 correspond to a mesh
of 0.68, 2.5, and 9.3 million nodes, respectively.

Fig. 7 Mesh of the cantilevered ramp injector at a mesh dimensions factor of r = 0.65, or 207 £ £ 121 £ £ 27 nodes.

and maximum cH2 where the relative error did not exceed 0.4, 0.16,
and 0.8%, respectively,at any x station.

Node Spacing at the Wall
Spacing at the wall is � xed for all simulations to 30 microns,

which results in a value of yC at the wall of 1.8–2.5 in the mixing
region. Even though it is usually suggested31 to use a somewhat
lower yC when integrating through the laminar sublayer, an addi-
tional simulation for case C3 at a wall node distance of 10 microns
showed no discernibledifferenceof boundary-layerheight and wall
shear stress while exhibiting a relative change in the mixing ef� -
ciency and stagnation pressure at the domain exit of only 1 and
0.5%, respectively. This is attributed to the slight grid density de-
crease in the mixing layer, a consequenceof higher clusteringat the
surfaces.

Entropy Correction
Despite being a rare occurrence, a well-known de� ciency of the

Roe scheme is in generating aphysical phenomena in certain � ow-
� elds. This can be remedied by introducing an explicit arti� cial
dissipation term in the discretizationstencil, commonly referred to
as entropy correction. All of the cases presented in this study are
run without the entropy correction term to avoid excessive arti� cial
diffusion in the boundary layers and shear layers. An additional test
case, however, includes the entropy correction term of Yee et al.24

with Q± D 0:5. Such results in a twofold increase in the bottom-wall
boundary-layer thickness, increased shock smearing, as well as an
increase in the mixing ef� ciency at the domain exit of 17%. Be-
cause no difference in the shock-wave and expansion fan patterns
throughout the � ow� eld is observed, the stand-alone Roe scheme
(with Q± D 0) is judged adequate for the problem tackled herein, and
the use of the entropy correction term is avoided.

Grid Convergence
Shown in Fig. 6 is the mixing ef� ciency of case C3 obtained

using 207 £ 121 £ 27 (r D 0:65), 319 £ 187 £ 42 (r D 1:0), and
494£ 290 £ 65 (r D 1:55) meshes. Each grid is built as shown in
Fig. 7 with the number of grid lines in each curvilinear coordinate
proportional to r . The mesh dimensions ratio between the � ne and
medium grids is equal to the one between the medium and coarse
grids. Such a strategy, as opposed to setting a constant 1r between
meshes, translates into a more rigorous grid-convergencestudy. In-
deed, it is not hard to see that results obtained on two meshes, say,
at r D 3:0 and 3.2 will show little difference in properties, whereas
the discrepancywill be much more pronouncedbetween results ob-
tained at r D 0:2 and 0.4 becauseof the much higher relative change
in mesh size in the latter case than in the former. It is hence desirable
when comparing changes in properties between differentmeshes to
ensure the ratio of mesh dimensions between one grid and the next
to always be the same. The mixing ef� ciency throughoutthe mixing
region exhibits small changes between the medium and � ne grids,
indicating close grid convergence. Results obtained from various
similar investigationsfor two-dimensional planar mixing problems
indicate that the absolutegrid error on a r D 1 grid is approximately
three times the difference between the solutions obtained using a
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Fig. 8 In� uence of the turbulentSchmidt number Sct and globalequiv-
alence ratio Ág on the mixing ef� ciency; for case C3h, Sct is set to 0.25,
while for cases C3r1 and C3r2 Ág is given a value of 0.33 and 3, respec-
tively; by default both Sct and Ág are set to 1.

Fig. 9 Equivalence ratio contours at x = 1.0 m for cases C3r1, C3, and
C3r2; all dimensions in meters.

r D 0:65 mesh and a r D 1 mesh. The error on the mixing ef� ciency
is thus estimated to be at most 0.04 units at any x station.

Turbulent Schmidt Number
Being a closure coef� cient to the k! turbulence model, the tur-

bulent Schmidt number is � ow� eld dependent. Previous studies35

of hypervelocityhydrogen/air mixing indicate that the use of a tur-
bulent Schmidt number of 0.2–0.5 translates into better agreement
with experimentaldata.The in� uenceof the turbulentSchmidt num-
ber is here assessed through case C3h: an additional simulation at a
convective Mach number of 0.5 with Sct D 0:25. The in� uence on
the mixing ef� ciency is not too pronounced as Fig. 8 illustrates: a
small relative change of 8% occurs for a fourfold decrease in Sct .

Results and Discussion
Global Equivalence Ratio

The amount of hydrogen injected is varied to induce a global
equivalenceratio of 0.33 for case C3r1, 1.0 for case C3, and 3.0 for
case C3r2. Cases C3r1 and C3r2 are referredto hereafteras the fuel-
lean and fuel-rich cases. Because it is not possible to keep the same
convective Mach number and speed difference 1q while altering
the injected mass of hydrogen, we choose to keep 1q constant and
let Mc vary (see Table 1). The parameter 1q in� uences the average
shear-layer growth directly, whereas the change in Mc from 0.33
for case C3r1 to 0.73 for case C3r2 would in� uence the shear-layer
growth by less than 25% (based on the Dimotakis11 correlation for

Fig. 10 Mixing ef� ciency of a cantilevered ramp injector for the con-
vective Mach number range ¡ 0.5 < Mc < 1.5.

Fig. 11 Velocity vectors for the C3 case; the length of the arrows is pro-
portional to the velocity magnitude in the yz plane, with the maximum
length corresponding to 560 m/s. All dimensions in meters.

compressible shear layers). Even though the C3r2 case is handi-
capped by a higher convectiveMach number, the mixing ef� ciency
is shown to be 30% higher than for C3 and almost two times more
at the domain exit than for the fuel-lean case (Fig. 8). A fuel-rich
injection is bene� cial to ´m by increasing the amount of fuel in the
zones with Á < 1 while not considerably affecting the amount of
air burned in the fuel-rich regions; a slight local overshoot in the
hydrogen required for burning is not too detrimental to the mixing
ef� ciency because of the very low stoichiometric mass fraction of
hydrogen.However, because´m as outlined in Eq. (8) does not take
into account the � ammability limits of H2 –air chemistry the mixing
ef� ciency comparison of Fig. 8 must be analyzed cautiously.The Á
contours including the limits of � ammability (0:1 · Á · 7 at atmo-
spheric pressure36) at the domain exit for cases C3r1, C3, and C3r2
are shown in Fig. 9. Whereas most of the area covered by the fuel
is expected to burn for cases C3r1 and C3, a large portion of the
mixture is too fuel rich to burn for case C3r2, which is undesirable.
Consequently, a fuel-rich injection strategy is not recommended
for this particular problem as the mixing process is not suf� ciently
fast in decreasing the hydrogen mass fraction of the mixture below
the � ammability upper limit. The fuel-lean injection case exhibits a
lower mixing ef� ciencyand a higher mixture temperaturecausedby
a higher injection temperature necessary to induce a lower injected
mass � ux. This can be desirable if burning is desired near the injec-
tion point but undesirable if injection is intended for a shcramjet.
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Fig. 12 Hydrogen mass fraction contours for case C3, with the contour levels starting at cH2 = 0.05 and at every 0.05 units. All dimensions in meters.

Fig. 13 Normalized mass-� ux-averaged stagnation pressure for the
convective Mach number range ¡ 0.5 < Mc < 1.5.

Therefore, the injection of hydrogen in stoichiometric proportions
with the amount of air entering the domain seems to be the best
alternative for this particular injector.

Convective Mach Number
An investigation of the in� uence on the mixing ef� ciency of the

convective Mach number is now performed. For cases C1–C5, Mc

is varied between ¡0.5 and 1.5, where a negative sign indicates a
lower fuel speedwith respect to the air. Shown in Fig. 10, the mixing
ef� ciency exhibits a change of 31% at the domain exit from Mc D 0
to 1.5. A striking trait of Fig. 10 is the quasi-independenceof the
mixing ef� ciency on the convective Mach number in the near-� eld
mixing region. This is thought to be caused by a saturation of the
mixing layer growth as a result of compressibility effects as the
turbulent Mach number is high. The strong axial vortices induce
appreciable cross-stream velocity gradients, creating turbulence at
high turbulent Mach numbers. Additional shear stresses originating
from a change in velocities between the air and hydrogen do not
contribute to the growth of the shear layer as the turbulence in the
mixing layer is already saturated by the axial vortices. The velocity
vectors of case C3 shown in Fig. 11 give a good indication of the
cross� ow magnitudeand inducedvelocity gradient in the near � eld.
However, in far � eld the effect of the convective Mach number is
predominant on the mixing layer growth as a result of the decrease
in intensity of the axial vortices (Figs. 11 and 12). Interestingly, the
31% increase in mixing translates into mass-averaged stagnation
pressure lossesof only 10% as shown in Fig. 13. Nevertheless, there
is some concernas to the relevance of the mass-averagedstagnation
pressure as a means to assess losses.

Fig. 14 Temperature and hydrogenmass fraction contours at x = 1.0 m
for cases C3 and C5.

Aside from the rise in mixing ef� ciency, a high convectiveMach
number inducesan appreciableincreasein temperaturein the mixing
layer.The fuel mass fractioncontoursjuxtaposedto the temperature
contoursat the domain exit for casesC3 and C5 are shown in Fig. 14.
Althoughnot shown here, for the � rst 60 cm of the mixing region the
maximumtemperaturein themixing layerexceedstheonenecessary
for H2 –air ignition (»900 K) for case C5 but not for cases C1, C2,
and C3. Because the mixing cases studied herein are intended for
use in the inlet of a shcramjet, no ignition prior to the combustor
is a necessity, thus probably eliminating as viable alternatives the
higher convective Mach numbers.

Conclusions
A numerical method to solve three-dimensional injector � ow-

� elds is implemented and validated. The dilatational dissipation
correctionof Wilcoxalongwith the k! model of Wilcoxare deemed
adequate in capturing the essentialsof the � ow� eld physics and ex-
cellent agreement is shown with the experimental data of a swept
ramp injector by Donohue et al.32 A grid-validation study is per-
formed, and a relative error of approximately 10% is estimated on
the mixing ef� ciency for a 2.5-million-node grid. The use of the
Yee entropy correction factor in conjunction with the Roe scheme
is found to be unnecessary for the cantilevered ramp injector � ow-
� eld, and its use should be avoided because of increased arti� cial
diffusion of the mixing layer.

The in� uence of the turbulent Schmidt number on the mixing
ef� ciency is shown to be minimal: for a turbulent Schmidt number
variation from 1.0 to 0.25, the mixing ef� ciency increases by only
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8%. A fuel-rich injection is found to translate into a large portionof
themixtureat thedomain exit to beoutside thehydrogen/air � amma-
bility limits. A fuel-lean injection reduces the mixing ef� ciency by
27% and induces a high mixture temperature,which is bene� cial if
burning is desired close to the injection point but undesirableother-
wise. If burning is not desired near the point of injection, injecting
the fuel at stoichiometric conditions with the incoming air is the
recommended approach.

Because of the injectionof the fuel away from the wall, the use of
a cantilevered ramp injector design results in minimal presence of
the injectant in the hot boundary layer. This is a bene� cial feature
if injection is intended for a shcramjet engine, where no premature
ignition should occur prior to the detonationwave. The mixing ef� -
ciency of the cantileveredramp injector is shown to be increased at
the domain exit by 31% from Mc D 0 to 1.5 while the mass-averaged
stagnation pressure decreases by only 10%. In the near-� eld mix-
ing region the convective Mach number has a negligible impact on
the mixing ef� ciency. This is thought to be related to an already
saturated turbulent mixing layer growth induced by the high shear
stresses originating from the axial vortices.
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